A simple set of formulas is derived which relate emittance, line charge density, matched maximum and average envelope radii, occupancy factors, and the (space charge) depressed and vacuum values of tune. This formulation is an improvement on the smooth limit approximation; deviations from exact (numerically determined) relations are on the order of ±2%, while the smooth limit values are in error by up to ±30%. This transport formalism is used to determine the limits of transportable line charge density in an electrostatic quadrupole array, with specific application to the low energy portion of the High Temperature Experiment of Heavy Ion Fusion Accelerator Research. The line charge density limit is found to be essentially proportional to the voltage on the pole faces and the fraction of occupied aperture area. A finite injection energy (> 2 MeV) is required to realize this limit, independent of particle mass.
Introduction
For the design of the Multiple Beam Experiment [1], the High Temperature Experiment (HTE) [2] and a heavy ion ICF driver it is not only necessary to determine the matched beam envelope functions for particular parameters, but also to provide accurate scale relations, particularly for those parameters relating to physically limiting features of the transport lattice. In general, an exact evaluation of the envelope functions may be obtained from the solution of the nonlinear envelope equation (including space charge) if the KapchinskiVladimirskij distribution [3] in transverse phase space is assumed. This has been found to be an adequate theoretical basis for design of a transport system, but it is too cumbersome for parametric display and scaling. The well-known continuous limit formulation [4] does yield useful relations between emittance, line charge density and mean radius but they are inaccurate, contain no detail of the focal lenses, and make no prediction of the maximum beam radius. These deficiencies of the continuous limit formulas are remedied in an improved approximate calculation described here, while retaining the desired simplicity of form and explicit scaling of the continuous limit.
Method of Calculation
The improved approximation of the envelope functions is based on an evaluation of the transfer matrix
[M] for a full lattice period of length 2L. This matrix is the product of the simple matrices which represent lenses and drifts in the absence of space charge forces. Additional defocussing (thin) lenses representing the effect of space charge are placed in the middle of the drifts. At these mid-points the space charge force is close to its average for the full lattice period and can be evaluated using the matched envelope radius (a) at the midpoints, which is the same for x and y. Thus there is a kick representing the charge effect for a half period:
where Q is a dimensionless measure of the particle line charge ko: (2) Standard relations between envelope functions and elements of [M] are employed [5] . The cosines of the normal and depressed tunes (co and a) are determined from the trace of [M] , and the ratio a2 (sin a)/c, where -rw is unnormalized emittance, is given by the component M12.
The maximum radius (am) appears at the center of a focal quadrupole and is determined using the components m 1l and m12 from the transfer matrix [m] evaluated between the lens center and drift center. In the consideration of finite lens length (nL) and symmetric treatment of charge this formulation improves on the similar results derived by Keefe [6] . The The rhs of Eqs. (4)- (7) is computed for a range of depressed tunes. The value paired immediately below is the exact value. For this study we have set n = 1/2 and c0 = 60°, 90°. The values of o given in column 1 are exact (numerical), corresponding to the given values of F.
Here we have defined
The predictions of these formulas results in Table l . (8) are compared with exact Typically, in using these relations a set of constraints is specified. For example the ratio of maximum beam radius to aperture radius (am/b) and ratio of half period to aperture (L/b) may be bounded. For the example given below we also specify a maximum voltage on pole faces
which must be less than or on the order of 50 kV to avoid electrical breakdown.
Space Charge L-imit
Equations (4)- (7) are readily solved for r with o= 0, £ = 0, and a given value of -0. For the conservative value 0o= 600, which avoids space charge induced instabilities [7] , and rn = 1/2 we find F = .516 9 (lOa) 
